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Abstract—We consider the problem of learning functions
by two agents and a fusion center from noisy data. True
data comprises of samples of an independent variable (input)
and the corresponding value of a dependent variable (output)
collectively labeled as (input, output) data. The data received
by the agents, both the input and output data, are corrupted by
noise. The objective of the agents is to learn a mapping from the
true input to the true output. We formulate a general regression
problem for the agents followed by the least squares regression
(LS) problem. We prove a stochastic representer theorem for
the general regression problem and subsequently solve the LS
problem. The functions learned by the agents are transmitted to
the fusion center where an optimization problem is formulated
to fuse the functions together, which is then declared as the
mapping. As an example, the methodology developed has been
applied to the data generated from a transcendental function.

I. INTRODUCTION

Data driven methods for control, communication and
signal processing have gained importance in the recent
past due availability of data and computational power. Data
is often available from multiple sources; e.g. , different
kinds of sensors, same sensor different capabilities, etc.
Communicating large quantities of data could be expensive.
Furthermore, processing lot of data simultaneously could
be computationally unfeasible. In some applications like
IoT, communication of data is not allowed due to privacy
issues. Suppose we consider a multi-agent learning problem
where input-output data are collected by multiple agents
with the objective of learning a mapping from input to
output. Conditions listed before (large quantities of data,
privacy, etc. ) call for processing data locally at each agent
and communicating some key features or functions learned
from the data to a fusion center. At the fusion center,
the functions are fused taking into consideration the given
learning problem. Such learning schemes are referred to as
distributed learning schemes.

Federated learning (FL) is a distributed learning approach
that has received significant attention in the last couple of
years, [1], [2]. FL has been applied to problems in variety
fields including IoT, smart cities, and heath care. Some of the
benefits of FL are enhanced data privacy, low network latency
and enhanced learning quality, [3]. There are different kinds
of FL, horizontal FL, vertical FL and hybrid FL. In horizontal
FL, the agents have minimal intersection of the sample
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space but the same feature space; in vertical the agents have
different feature space but the same sample space; In hybrid
FL both the sample space and feature space are different. In
majority of the horizontal FL literature, averages or weighted
averages of the functions received from different agents is
considered at the fusion center. Recently FL. methods have
been introduced to robotics and autonomy as well, [4].
Kernel based learning methods is a well studied topic in
A and signal processing, [5], [6]. Kernel based regression
and classification have been applied to various problems, [7],
[8], [9] including Gaussian process classification, landslide
identification, etc. Kernel based learning methods have also
been applied to signal processing applications, [10], [11],
[12]. Distributed regression has been studied from different
perspectives in [13] and [14].

Our contribution to this paper is the following problem.
There are two agents, agent 1 and agent 2. Each agent
receives samples of an independent variable (input) corrupted
by noise and the corresponding value of the dependent
variable (output at true input value) corrupted by noise. From
an operational standpoint, the dependency of the dependent
variable on the independent variable is the same for both the
agents. The objective of each agent is to find a function that
best captures dependency from true input data to true output
data captured by it, that is the data without noise in it. To this
end, we formulate a general regression problem with noisy
data in a Reproducing Kernel Hilbert Space (RKHS). We
prove that the solution to the regression problem belongs
to a subspace generated by the feature maps at the data
points received. Then, we formulate a LS based regression
problem for each agent and find closed form expressions for
the optimal solution. After the regression at the individual
agents is complete, the agents transmit the function they have
learned to a fusion center. Since the dependency from input
to output is the same for both agents, the objective of the
fusion center is to combine or fuse the functions and declare
the fused function as the function learned by the system. We
present an optimization based framework for fusion of the
functions received at the fusion center.

For motivation, we consider a simple scenario where two
agents with different onboard sensors are collecting input and
output data using the sensors. The true data gets corrupted
by noise of the sensors. Depending on the quality of the
sensors, sensor type, etc. , the data received by the agents is
most likely going to be different. The problem we consider
has some similarities and some dissimilarities to horizontal
FL. It is similar in the aspect that, the sample spaces of the
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agents have minimal intersection and the feature space is
the same for the agents. The formulation is different from
horizontal FL in the aspect that the function spaces over
which we optimize are more structured and fusion problem
is based on an optimization problem rather than weighted
averages. We note that this paper is not about FL; we only
draw comparison to FL as it is a distributed learning approach
that is being actively researched up on. The problem we
consider is also different from the formulations studied in
statistical learning theory (SLT). In [15], [16], the input and
output data are random variables with the output being a
function of the input. The joint distribution between the input
and output random variables is unknown. In our formulation,
the true input and output data are deterministic, while joint
distribution between the received noisy data is known as joint
distribution between the noise in the input and output data is
known.

The outline of the paper is follows. In the next section,
section II, we begin with a brief introduction to kernels and
the spaces generated by them. We then discuss the noise
model followed by the formulation of a general regression
and LS regression problem with noisy data. In section III,
we present the solutions to the problems formulated in
section II. In section IV, we formulate the fusion problem
as an optimization problem. In section V, we apply the
methodology developed in sections III and IV to data
generated from a transcendental function. We compare our
solution to a solution obtained using methods from literature.
In section VI, we conclude with some final remarks and
discuss future work. Notation: we use superscript for the
agent, subscript for samples and summation indicies. We
represent vectors obtained by concatenating smaller vectors
in boldface.

II. PROBLEM FORMULATION
A. Background

We begin with a brief introduction to kernels and the
function spaces generated by them. Let X be a nonempty
subset of R4 d € N. Let K : X x X — R be a function.
Let n € N and {z1,...,2,} C X. The n x n matrix,
K := (K(z;,2;))ij, is called the Gram (kernel) matrix of
K with respect to z1,...,Z,.

Definition 1 (Positive Definite kernel, [5]). A function
K : X x X - R which for all n € N and for any set
{z1,...,x,} C X gives rise to positive definite Gram matrix
is called as positive definite kernel.

For a fixed z, the function K (-, z) is referred to as feature
map at x. It is also denoted by ®(z), i.e., ®(z) = K(-,x).
Given a positive definite kernel K : £ x ' — R, let Hy be
the linear space obtained from different linear combinations
of the feature maps at different points in the domain:

Z oK

Ho = {f(x

(w,25),{aj}i—1 €R,

{zi}j— € X,n e N}

2

Given f(x) YooK (2, z5) and  g(x)
S, BuK (z,y)) belonging to Hy, we define a bilinear

form (f,g) on Hy as:

Zzajﬁkl( yk»wj)

j=1k=1

It can be verified that the inner product does not depend on
the representation of the functions f and g. The norm induced
by the inner product is || f|| = \/{f, f). Let H be the space
obtained by taking the completion of H with respect to this
norm. Then H is the RKHS generated by K.

B. Noise Model

The noisy data for agent ¢ represented by
((«1,98),. .., (h,,yby)), where !, yi and m are input
data, output data and number of samples respectively. The
noise in the input and output of function are denoted by &,
and 77;» respectively, i.e,

vy =2+l v =0+
where (z7%,7%) are the true values of the data. We assume
that the noise variables €} and 7; take values in the set

Xi c R? and Jﬂ C R respectively. We assume that
true data points (77%,7}) take values in X c R? and R
respectively. We denote the Minkowski sum of X ® X as
X C R?, where X =4t U X2, We assume that the true joint
distribution of (53-,77};), forj=1,...,mand k=1,...,m
is known (for a given ¢). Thus, we assume that only the local
joint distributions of the noise are known. We consider the
probability space at agent 7. The sample space ¢ is a set of
2m-tuples, where the first m-tuple (of a 2m-tuple) consists
of the noise in {m while the second m- -tuple consist of

noise in {y}}7", and hence is equal to X" x Y. With the
sample space we associate a sigma algebra, F?. F* could be
set of all subsets of )7, i.e. , the power set of (!, when ()’
is finite space or could be the sigma algebra generated by all
open subsets of Q' (depending on the topology on ). The
known joint distribution of noise at agent 7 is denoted by P?
while the expectation with respect to measure P is denoted
as E p:. Thus, the probability space for agent 7 is (2, F, P?)
and {5J,77] * , are random variables on this space.

The dlfference between our formulation and the
formulation of function learning problems in the SLT
literature, [15], [16], is explained as follows. In the
traditional formulation, the input data, {X;}, are random
variables drawn from a known distribution P(X). The
outputs, {Y;} are random variables, given by Y; = f(X;),
where the function f is unknown. Hence the joint distribution
between X; and Y; is unknown. To formulate the learning
problems, the conditional, P()|X), is assumed be fixed,
unknown and belonging to a family of distributions, P(Y|X).
Using the joint distribution obtained from the marginal and
the conditional distribution, the learning problems are
formulated as expected risk minimization problems . Using
an induction principle, [15], the expected risk is replaced
by the empirical risk. In our formulation, the true input

Jl’
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data {Z,} and true output data {y;} are deterministic,
and §; = f(Z;). Noise is added to both input and output,
x; = T +¢; and y; = g; + n;. Thus {x;} and {y;} are
random variables whose joint distribution depends on the the
joint distribution between {e;} and {r;} which is known. If
{e;} and {n;} are independent, then noisy data points {z;}
and {y;} are independent, which is not possible in the first
formulation.

C. General Regression Problem

Let C?: (X x R x R)™ — R be a arbitrary loss function
and ¥! : [0,00) — R be a strictly monotonic increasing
function. For any function f € H, we define the total cost
as:

C'(f) = Epe |C* (@} = 2lywh — b, fl@h =)o
(T = b Ui = D F @ = ) | + (11 1110)

We note that the cost function C¢(-) depends on the data
points, (z j,yj) . as well. That is, for a given function, f,
if the data points change the cost is also going to change. But
the data set is not something that we can control or optimize
over. It is given and hence we do not indicate the same in
the cost function arguments.

1) Regression Problem 1: Consider the subspace of
functions, H® = Z] 1 oﬂIEp. [K(m xj — 5;)], where
(K (o0} = )] = Jo, K} = ()P (). the
integral is deﬁned in the Bochner sense, [17] and {a 1. C
R. When X’_ls a finite set, Epi[K(z,z} — Ej)]
Y weni K(z, 75 — £5(w))P*(ej(w)). We define the first
regression problem as an optimization problem for each
agent,

(P1)": minC'(f).

feH:
The subspace of functions over which we optimize draws
inspiration from the representer theorem, [18]. In the
deterministic case, i.e., when there is no noise in the data,
the solution for optimizing C*(f)(instead the expectation of
the first term, the first term itself) is given by a linear
combination of the feature maps at the data points xi ie.,
o= PPy “®(x%). In the noisy case, we want to ﬁnd the
optimal functlon by replacing ®(x%), by Ep:[®(z} — 5])]
2) Regression Problem 2: We consider the regression
problem as an optimization problem over the entire space
of functions, rather than the subspace(s) considered before:

(P2)! C'(f).

D. LS Regression with Regularization

: min
feH

We consider the cost function,

Oi({ala Bh%}lﬂll) =

m

> (Bi-

=1

and Vi(z) = o'z2. We note that regression problem reduces
to the problem considered in the Gauss -Markov Theorem
(nonrandom parameter estimation, [19]) when there is no
noise in the input data and the matrix considered is the matrix
generated from the kernel.

3

III. SOLUTION

A. The Stochastic Representer Theorem

For agent 4, let o' = [af; .. .; o, ], where o are random
variables in L>(Q! F! PY). Let ®i(x—¢) = [®(z} —
gl),...,®(zt, — &t )]. Consider the following subspace of

the RKHS H,
.T .
={fet:f=Epla" ®ix-e),
7 c {LOO(Q7'7FZ,P7)} }’
and let 9t be its closure with respect to the norm topology.

Assumption 1. We assume that X P and V' are finite sets,
i.e., the noise in input and output data take values in finite
sets.

Lemma IIL1. ®(z}
1,....m.

—el(w) € M, Vw € QO V)
Proof. When €' is finite and thus the joint distribution of the
noise, P’ are probability mass functions, M’ = { f € H :
f=Y0cai Z;"Zl a;-(w) (amx] — eé(w))Pi(w) LM s
generated by linear combinations of a finite subset of vectors

in H. Thus, M’ is a finite dimensional subspace of H and
is closed, i.e., M = M’. Let w* € Q% and j* € {1,...,m}.

We define a’. (w*) = . (w) = 0 for all other w,

Pi(w*)’
o (w) = 0 for all other j and all w. Expressing the same in
i Xw* (w) Xw* ( )
a compact form, o, = = = , where x(-
"= P T Beil) Y
is the mdlcator function. Thus, a* = [0;. . .,a]*, ...;0] and,
Epial ®i(x —e)] = Pt — e, (w*)) € M. O

Theorem IIL.2. The solution to problem (P2)! belongs to
the closed subspace "

Proof. Since 9t is closed subspace, H = 9’ & 9 . Any
vector f € H can be expressed as '+ f* where f* € 9 and
Fi e M. We note that the cost function, C’( f) depends on
the function value at % — ¢’ (w), f(z} —el(w)), w € Q' and
the norm of the functlon || flle. We note that =, — &% (w) is
not a random variable but a member of X'. By the reproducmg
property of the kernel, f(x] J(w)) (f(), K (-, xj
@)t = (F1) + P, K(va! — 21())) . By Lerama
IIIl K(,z} — g5(w)) _@(zz —& (w)) € M’ and, is thus
orthogonal t0 fe. Thus <f’(~),K( x —¢&j(w)))n = 0 and
flah —el(w)) = fiah — ei(w)). Hence the first term in
the cost function C*( f) does not depend on fi. ||f||%
I1£1% + ||f%/%, which is minimized when f' is equal to
zero. Thus the optimizer of (P2)?, f* belongs to M. [

This theorem can be viewed as an analogue to the classic
representer theorem. It is necessary for the {a}} to be
random variables, so that the feature maps, {K (z, m —
€' (w))}weqi, are included in the subspace, m, Wthh is
a key requirement to prove the theorem.
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B. LS Regression with Regularization

Let Ki(¢) = (]Epi [K(x;. —ci(¢), ) — e;)})jk, where
the expectation is only with respect to the second argument
and E[K'] = (EPiXPi [K(zﬁ — &b, a) — 52)})
expectation is with respect to the product measure of pi
with itself. We note that Ep:[K!] = E[K"]. Let y* — n* =

, where the
ik

[y —ni,...,y., —ni]. The LS regression problem is to
minimize,
C(f) = Bn [ D (s — i — flwh — 3] + &I
=1

Proposition IIL.3. The optimal solution to (P1)* is given by
L .
o' Epi[®'(x — €)|, where
it i 1o i nNE il i i
o'~ [Ep KK+ 0 EK| | [Ep (K Ty~ n")].
(1)

Proof. The optimization is over the space of functions, H*
{feH: f=a"Ep:[® (x—¢)],a € R"}. Forany f €
O, by the reproducing property,

F(a = £4(0) = (F0), (e — £(0)))

= (o K (w2l - ) 90}~ ()

@ ;a? > (Kol = e (), 2} = S (ONP()
= ZaiEﬁTK(wé —&5(0), 7}, — £h)].
AL s — (O] = RO

Equality o) follows from linearity of the inner product in
the first argument. The norm of f, ||f||%, is calculated

as in equation set (2). Equality @ follows from linearity

of the inner product in both its arguments. Equality ©
follows from the reproducing property of the kernel and
the construction of the product space given two probability
spaces. Since f is parameterised by «, the cost function
as function of a, Ci(a) := Ci(f), can be expressed as

. . — . . . . [ . . .T . .
Ep:[((y'—n")-K'a")"((y'—n')-K'a')|+o'a’ E[K']a’.
From the first order necessary conditions of optimality, o’ is
found by setting the gradient of C*(a) to zero, V,Ci(a’ ) =
0.

. ke _ .T . . .T .
Valila')) = —2Ep: [K' (y' —n')] + 2[Ep [K" KT+
JEK o’ = 0.

O

Thus, o satisfies equation (1).

Proposition IIL4. The optimal solution to (P2)" is given by
T .
Ep: [ﬂz Pl(x — s)}, where

x T A NS B O P )
61 — |:K’L K’L _|_ Q’LKZ:| |:Kl(y1, _ T’l):|, (3)
and Ki((,w) = (K(mé —4(Q), x}, —gi(w))) . is a random
matrix. !

4

Proof. From Theorem IIL.2, the optimal solution belongs
to OMt. This su}gspace is parameterised by (8 €
{L“(Qi, F Pi)} . Following the steps as in the proof of
the previous proposition, proposition III.3, we can prove that
the cost functional, C*(3) := C*(f), is equal to,

C'(8) =Ep: [(y' —n") (v = 1) — 2y" = ") "Ep:[K']
Tyril ¥oi i Tyri

+Epiyp:i[B° K" K'B]| + 0'Epixpi[3 K'S]

Since our cost functional is defined over a space of functions,

rather than a vector in R™, we find the Gafeaux derivative

of the functional. The Gafeaux derivative of C*(-) at 3, is a
bounded linear operator T 3, such that

i (O + ) =B

a—0

=Te s(v)¥re{L=(2, F, P}
After expanding the terms and taking limits, we can find that,
Top(v) =Ep: | = 2(y" = n') Ep:[K'y)+
2 pi pi [BTKT K“Y]} +20'Epiy pi[BT K],

It can be verified that the Fréchet derivative of C¥(+) is equal
to T g. The first order necessary condition for optimality,
is that Ts g(y) = 0 Vv. Regrouping the terms and the
expectations,

. . A . A T A~ .
Epi[Epocp| = 2(y' = n') Ky + 287K Kiy+
2Qi,6TIA(i’yH =0 Vv.
— K KB+ oK' B-K'" (y —n')=0P as.

We denote the above expression by I'(3). The ‘=’ part
is straightforward. For the ‘=" part, we can argue by
contradiction. Suppose I'(3) is not zero with probability
1. Since T'(B(w)) € R™, there is atleast one index, j,
for which (I'(8)); # 0 on set a A;, P'(4;) > 0. Let
Aj = {w7€ Aj : (F(ﬂ(w)))j > O} Define ’Zj(w) =
1, w e A and v;(w)) = -1, w € A; ~ A4;, ie. ,
vj(w) = xa,(w) = Xa,~4,(w). All other components of ~y
are set to zero. For this 7, T g(v) = Ep: [(T(8))T~] > 0,
which is a contradiction. Thus, Bi* satisfies equation 3. Since
our cost functional is strictly convex, the minimizer is unique.

Hence, B° € 9 C M solves (P2)". O

IV. FUSION PROBLEM

We consider a fusion center that receives function f? from
the agent i. The goal of the fusion center is to fuse the
functions received, taking into account the problem under
consideration, i.e., to find a mapping from input to output
data. Some possible approaches include: (a) rule based: if
the cost incurred by agent 1 is greater than the cost incurred
agent 2 (or vice-versa), then optimal function is f2( fl),

1p2 271

(b) weighted average: f* = %, where ¢' and
ct+c¢

c? are the local costs incurred by the agents after solving

the learning problem. Since these approaches are adhoc, we
formulate the fusion problem as optimization problem.
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The fusion center considers a set of functions {b =
{bk}r>1 C H} which span H to define a dissimilarity
measure between f! and f? as:

do(f.9) = Z(f —9,be)H

k

We note that dy (-, ) need not be a metric on H; it depends
on the choice of the set b. When the set b is a set of
orthonormal basis vectors, dy(f,g9) = ||f — g||%, then it
is indeed a metric. The objective of the fusion center is to
find a linear combination of f! and f2, f*, such that the
dissimilarity between f!, f* and f2, f* is minimized. We
consider a simple optimization problem for the same:

(P4) mindo(af’ +b/% ) +du(af* + b2 f2)+
Nlaf' + b2

The above convex optimization problem is to be solved
computationally. The motivation to consider a set of functions
b, is to define a dissimilarity measure that accounts for
functional values at specific points (through features maps
{®(-)}), and the function norm (through orthonormal basis
vectors).

V. EXAMPLE

In this section, we apply the solution and fusion method
developed in sections III and IV to a specific example. The
example is described as follows. True input and output data
are generated using a trancendental function. The function
is generated using monomial functions and trigonometric
functions while coefficients of the terms have been chosen
randomly. Using the true function, the true input and output
data are generated by considering 100 data points uniformly
spaced on the input domain [—3, 3]. Noisy data is generated
by adding noise to both the input and the output. The
distribution of the noise data considered for the agents in
mentioned in table I. We note that the noise in the input is
considered to be independent of the noise in the output, hence
the joint distribution of the noise in the input and output is
the product distribution. The noise distribution for the agents
has been chosen such that agent 1 has “more” noise in the
input than agent 2, while agent 2 has “more” noise in the
output than agent 1. The noisy data for agent 1 and agent 2
are plotted in figures 1 and 2 respectively.

Given noisy data, for both agents, first we consider least
squares based curve fitting. In this approach, we consider
the true output data to be a polynomial function of the input

5

data, ie. , f(z) = ap + a1x + ... + a,a™. The noisy data
received is assumed to be of the form (z, f(z) +¢), where €
is noise in the received output data. No noise is considered
in the input data. In the least squares based polynomial
regression, the objective is to solve the optimization problem

mln ]E[Zl(y, — f(x4))?], where the expectation is with

ao,-..
respect to the noise distribution. The optimization problems

are solved for polynomials of different degree. The “best” fit
functions learned by the agents are plotted in figure 1 and 2
respectively in red. Next, we consider the functions learned
by the agents by solving problem (P1%), II-C1. For both the
agents, we consider a polynomial kernel, K (z,y) = (z xy)%.
Given the noisy data, the functions learned by the agents
by solving (P1)" have been plotted in figures 1 and 2
respectively.

Both approaches are tuned by varying the parameters
appropriately. For (P1)?, o' values where tuned, while for
the regression, polynomials of different order are optimized
over. It can be noted that the function learned from regression
is less robust, i.e. , it has been overfit. At the fusion center, to
define and solve P4, we consider b to contain only functions
of the form K (-, z;), where x;’s were chosen as the points
where f! and f? differed the most. These x;’s were obtained
by inspection. In figure 3, we plot the average of the functions
learned through curve fitting by the agents, the function
obtained upon solving the fusion optimization problem (P4)
and the true function from which noisy data was generated.
The true function has only been plotted for comparison
purposes. In practice, the true function is not available.
We note that our approach does not overfit and has better
prediction capabilities for new data. We observe that there is
lesser variation in functions learned by agents in our approach
than the curve fitting approach, i.e., the functions learned
by the agents by solving (P1) are similar even though the
noise distributions are different. Thus, our approach can be
viewed as noise rejection (through expectation) followed by
regression.

VI. CONCLUSION AND FUTURE WORK

Hence, we considered the problem of learning of functions
from (input, output) data corrupted by noise of known
distribution. Regression problems were formulated over a
RKHS generated by a kernel and a subspace of this
function space, and their solutions were compared. The
fusion problem resulted in a linear combination of the
functions received at the fusion center, where the coefficients
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30 different kernels. The mathematical structure of the fusion
. ;'f;?;iff:egremn space, the representation of functions learned by the agents
=== Solving P1 in the fusion space need to be investigated. Extensions to
scenarios where more than 2 agents collect data can also be
® idered. A rigorous framework for the fusion problem is
* .’& R Y consi g rk f p

o IR A I#%W LY to be developed. The overall objective would be to develop
,“.’ ,/. a collaborative iterative learning scheme between agents
- through the fusion center. The impact of this learning scheme

-20 on decision-making and control is to be studied.
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